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Introduction - Motivation
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Two inference problems for moni toring
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Two following situations are distinguished :

Hypotheses testing : the parameter vector θ is assumed to be
constant within the entire data sample Y1, . . . , Yn.

Change detection/isolation : the parameter θ can change within the
data sample at an unknown instant (change point) k0 (1 ≤ k0 ≤ n).
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

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θl si k ≥ k0
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Hypotheses testing - nuisance para meters
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Detection refers to deciding whether the monitored system is in its
nominal (safe) state or not :

H0 : θ ∈ Θ0,

nuisance︷ ︸︸ ︷
X ∈ IRq against H1 : θ ∈ Θc

0
∆
= IRm\Θ0,

nuisance︷ ︸︸ ︷
X ∈ IRq

If some more information about is available, H1 : θ ∈ Θ1 ⊂ Θc
0.

In case of two fault modes or more, isolation refers to deciding
which fault mode occurred.

H0 against Hi : θ ∈ Θi ⊂ IRm,

nuisance︷ ︸︸ ︷
X ∈ IRq (i = 1, . . . ,K − 1),

where Θi

⋂
Θj = ∅ for i 6= j.
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Informative and nuisance parame ters

3èmes Journes Nationales du GdR MACS

Statistical properties of the tests are functions of both th e
informative parameters θ and the nuisance parameters X . The
desirable relations between the error probabilities or the power of a
test and the informative vector θ usually result from the application.

Sometimes, the statistician must define some additional con straints
(possibly artificial w.r.t. the application) resulting fro m the statistical
nature of the problem, in order to achieve optimal propertie s of the
test.

The main difference between θ and X is the following : in contrast
to the informative parameter θ, the nuisance parameter X has no
desirable impact on the performance indexes.
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Off-line FDI with nuisance parame ters (1/2)
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Static and dynamic models with faults and nuisance parameters

The measured data Y are viewed as the output of a discrete time system
[Basseville 1997]

dynamic

{
Xk+1 = FXk + GUk + Wk (+ Γ Υx)
Yk = HXk + JUk + Vk (+ Ξ Υy)

,

where Wk ∼ N (0, Qx), Vk ∼ N (0, Qy), Υx and Υy are the assumed
additive faults, and the fault gains Γ and Ξ are full column rank matrices,
or

static Y = HX + ξ (+Mθ) , ξ ∼ N (0,Σ)

where the matrix M is full column rank (f.c.r.), X is a nuisance
parameter, Y ∈ IRr, θ ∈ IRm, with rang(H) +m < r.

dynamic ⇒ static
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Off-line FDI with nuisance parame ters (2/2)
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Goal : to propose a statistical test to detect/isolate a fault in a l inear
(dynamical) stochastic system with nuisance parameters :

Y=F(Xk,θ,ξk) = HX + ξ + Mθ, ξk ∼ N (0, σ2I)

where X ∈ IRm is the vector of nuisance, θ ∈ IRk is the vector of fault and
dim(Y) > rang H + m.
Results : UBCP invariant test in the class Kα={δ : P0(δ 6= H0)≤α} :

δ∗(Y )=

�
H0 if Λ(Y )= 1

σ2 Y T PHM(MT PHM)−1MT PHY < h(α)

H1 if Λ(Y ) ≥ h(α)

over the following family of ellipsoidal cylinders :

S =

�
Sc : θTFbθ θ =

1

σ2
θTMTPHMθ = c2

�
.

Références : [Fouladirad [, Freitag] and Nikiforov : Automa tica 2005, Int.
J. Adapt. Cont. Signal Process. 2007]
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Geometric illustration
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Fault isolation : Two approaches (1/2)
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Again a linear gaussian model :

Y = HX + ξ (+MΥ) , ξ ∼ N (0, σ2Ir)

First approach : several simultaneous faults can be conside red.
The approach consists in partitioning Υ in φ, and deciding in
favor of the fault mode φ, while considering the other fault modes
collected in ψ as nuisance information. The model writes with

H̃
∆
= (H Mψ) :

Y = H̃


 X

Υψ


 + ξ (+MφΥφ) = HX +MψΥψ + ξ (+MφΥφ)

Fault isolation can thus be seen as fault detection in the pre sence
of a nuisance.
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Fault isolation : Two approaches (2/2)
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Second approach : a single fault at a time is assumed.
The second approach is multiple hypotheses testing. The
problem is to test the null hypothesis
H0 : {Y ∼ N (HX,σ2Ir); X ∈ IRp} against the alternative
hypotheses Hj : {Y ∼ N (HX +MjΥj , σ

2Ir); X ∈ IRp, θj 6= 0}

(j = 1, . . . ,K − 1). Unfortunately, this hypotheses testing problem
is not invariant under the group of permutations of the Hj ’s.

δ̂(Y )=





H0 if max1≤i≤K−1
f

W Mi

bΥi
(Z)

f0(Z) <h

Hj if j = arg max1≤i≤K−1
f

W Mi

bΥi
(Z)

f0(Z) ≥h
Z = WY

where fθ(Z) is the density of N (θ, σ2Ir−p) and

Υ̂j = arg min ‖Z −WMjΥj‖
2 =

MT
j W

TZ

MT
j W

TWMj

.
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Target/anomaly detection
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k-th sensor

Target/anomaly = informative parameter

Rs(t,
η)

Rs(t, η) =
∫ L

0
s(t cos η − l sin η, t sin η + l cos η)dl

2D Radon transform of the function s :

Références : [Fillatre and Nikiforov : JASP 2005, IEEE Trans SP 2007, Fillatre,
Nikiforov and Reitrant, JOC 2007, IEEE Trans IP 2008]
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Change diagnosis (detection/isolat ion)
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Goal : to detect and identify a change in the monitored system, pair
(N, ν) :

E(N) = sup
k0≥1,1≤l≤K

E
l
k0

(N − k0 + 1 | N ≥ k0) → min

where 1 ≤ l ≤ K, over the class :

Kγ,β =





(N, ν)

false alarm︷ ︸︸ ︷
E0(N)≥ γ,

false isolation︷ ︸︸ ︷
sup
k0≥1

P
l
k0

(ν=j 6= l|N ≥ k0) ≤ β





Results : an optimal test (N, ν) asymptotically reaches a lower bound

E(N ; γ, β) & max

{
log γ

ρ∗d
,

log β−1

ρ∗i

}
when min{γ, β−1} → ∞,

where ρ∗d =min1≤j≤K ρj,0 and ρ∗i =min1≤l≤K min1≤j 6=l≤K ρl,j .
Références : [Nikiforov : IEEE Trans IT 1995, 1997, 2000, 200 3]
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SIRU integrity monitoring
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SIRU = Strapdown Inertial Reference Unit

Plan
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SIRU integrity monitoring
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For many safety-critical applications, a major problem of t he existing
navigation systems consists in its lack of integrity.

The goal of the integrity monitoring is to detect and isolate faults so that
they can be removed from the navigation solution before they sufficiently
contaminate the output.

Yk=HAk+ζk, ζk=ζk−1+ξk+Gl(k, k0),

∇Yk=H∇Ak+ξk+Gl(k, k0), ∇(.)k
∆
= (.)k−(.)k−1.

The parity vector sequence (et)t≥1 can be modeled as

et = W∇Yt = Wξt +WGl(t, k), l = 1, . . . , s.

where the projection matrix W satisfies the following conditions
WH = 0, WTW = PH , WWT = Is−3.
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SIRU: sensor measurements/fault
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SIRU: vector recursive CUSUM algo rithm
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The above mentioned criterion can be realized by using the fo llowing
recursive change detection/isolation algorithm [Nikifor ov 2000] :

Nr= min
1≤l≤K−1

{Nr(l)}, νr=arg min
1≤l≤K−1

{Nr(l)},

where Nr(l)=inf




n ≥ 1 :

=Sn(l), see the next slide︷ ︸︸ ︷
min

0≤j 6=l≤K−1
[Sn(l, j) −hl,j ]≥0





,

Sn(l, j) = gn(l, 0) − gn(j, 0), gn(l, 0) = (gn−1(l, 0) + Zn(l, 0))
+
,

with Zn(l, 0) = log fl(Yn)/f0(Yn), g0(l, 0) = 0 for every 1 ≤ l ≤ K − 1
and gn(0, 0) ≡ 0,

hl,j=
{
hd [detection] if 1 ≤ l ≤ K − 1 and j = 0
hi [isolation] if 1 ≤ j, l ≤ K − 1 and j 6= l .
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SIRU : decision functions
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Impact of the bounded nuisance
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Two geometric illustrations of constraints-inequalities

∃/ x∗ : H0x
∗ = H1x

∗

y1

y1

y2

y2

y3

y3

ρ0 < ρ1

ρ1ρ1

ρ0 = 0

H0 : Y =Hx+ξ, x ∈D⊂ IR

H1 : Y =Hx+θ+ξ, x∈D ⊂ IR

H0 : Y = H0x + ξ

H1 : Y = H1x + θ + ξ

Surface S of equal power : β(θ1) = β(θ2) for any θ1, θ2 ∈ S

Optimality ?
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Constrained GLR test
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The constrained GLR test is given by

δ(Y )=

{
H0 if Λ(Y )<h(α)
H1 if Λ(Y )≥h(α) , Λ(Y )=2 log

supθ∈IRn,X∈D fθ,X(Y )

supX∈D fθ=0,X(Y )

where X ∈ D is a bounded nuisance parameter and

fθ,X(Y ) =
1

(2π)
n
2 σn

exp

{
−

1

2σ2
‖ Y − HX − θ ‖2

2

}

Let us assume that x ∈ D ⊂ IR.

Λ(ξ; x, θ) =





1
σ2 ‖ Hx + θ + ξ − Ha ‖2

2 if x̂0 < a
1
σ2 ‖ P⊥

H (θ + ξ) ‖2
2 if a ≤ x̂0 ≤ b

1
σ2 ‖ Hx + θ + ξ − Hb ‖2

2 if x̂0 > b

where x̂0 = x + (HT H)−1HT (ξ + θ).
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Impact of the bounded nuisance
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Références : [Harrou, Fillatre and Nikiforov : ICARV 2008, Q ualita 2009]
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Impact of the bounded hypothe ses
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Bounded hypotheses improve the quality of decision
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Impact of the bounded hypothe ses
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Constrained GLRT :

δ(Y )=





H0 if max1≤l≤n

f
W eΥl

(Z)

f
W eΥ0

(Z) < h

Hν if ν=arg max1≤l≤n

{
f

W eΥl
(Z)

f
W eΥ0

(Z) ≥ h

}

where υ̃l=argmax
|υl|≥bl

{fWΥl
(Z)}=arg min

|υl| ≥ bl︸ ︷︷ ︸
NEW!

{∥∥∥∥Z −Wl

υl
σl

∥∥∥∥
2

2

}
,

(υ̃j , j) = arg max
1≤i≤n

max
|υi|≤ai

{
f
W bΥi

(Z)
}

= arg min
1≤i≤n

min
|υi| ≤ ai︸ ︷︷ ︸

NEW!

{∥∥∥∥Z −Wi

υi
σi

∥∥∥∥
2

2

}
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Impact of the bounded hypothe ses
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Conclusions/Perspectives
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Conclusions :

The on-line and off-line FDI problems have been
addressed from the statistical point of view. The
theoretical tools are : UMP with constant power,
invariance, statistical decision - analytical redundancy ,
change point detection/isolation.

Handling nuisance parameters and integration of
constraints in the decision-making process.

Optimality criterion : tradeoff between the practical needs
and theoretical results

Perspectives :

Nonlinear systems or nonlinear hypotheses

Nonlinear nuisance : estimation or rejection ? GLR is not
stable !
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